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PDFs and PMFs

• be comfortable with the distinction between 

PMFs and PDFs

• understand eg. a dice roll can be written as

𝑓𝑋(𝑥) = ∑
𝑖∈{1,…6}

1
6
𝛿(𝑥 − 𝑖)

Intuition for the change of variables

• Sketch graphs to derive

𝑓𝑌 (𝑦) = 1
𝑎
𝑓𝑋(𝑥 − 𝑎

𝑎
)

for 𝑌 = 𝑎𝑋 + 𝑏

• spot the link to formulas

𝑓𝑋(𝑥) = 1
𝜆

exp(−𝑥
𝜆

)

𝑓𝑌 (𝑦) = 1
𝜎
√

2𝜋
exp(−1
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𝜎
)
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)

Multiplication and Convolution

in these cases, explain how the random variable 𝑍 

relates to 𝑋 and 𝑌 :

• 𝑓𝑍(𝑧) = [𝑓𝑋 ⋆ 𝑓𝑌 ](𝑧)
• 𝑓𝑍(𝑧) = 𝑓𝑋(𝑧) × 𝑓𝑌 (𝑧)
• 𝐹𝑍(𝑧) = [𝐹𝑋 ⋆ 𝐹𝑌 ](𝑧)
• 𝐹𝑍(𝑧) = 𝐹𝑋(𝑧) × 𝐹𝑌 (𝑧)

as an extension, you can also reason through that 

𝑍 = 𝑋 + 𝑌  corresponds to ∫ 𝑓𝑋(𝑧 − 𝑢)𝑓𝑌 (𝑢)𝑑𝑢, 

and derive similar expressions for 𝑍 = 𝑋𝑌

Fun puzzle

Find 𝔼[min(𝑋, 𝑌 )] when 𝑋, 𝑌 ∼ Uniform(0, 1)

• a really clean approach that uses 𝐹𝑍(𝑧) =
𝐹𝑋(𝑧) × 𝐹𝑌 (𝑧) ⇔ 𝑍 = min(𝑋, 𝑌 )

• a messier approach integrating ∬ min(𝑥, 𝑦)

• a geometric approach where min(𝑥, 𝑦) is a pyra­

mid ⇒ the volume is 1
3  and the probability is 1

3

Big Picture

{1…6} ⟶ ℕ ⟶ ℝ ⟶

3F3
⏞ℝ𝑛 ⟶ ℝℕ ⟶ ℝℝ⏟

4F7

(note that ℝℕ is also denoted ℝ × ℕ)

• 3F3 looks at simpler instances of ℝℕ with WSS, 

ergodicity, strictly stationary ect.

‣ WSS is (1) constant mean over 𝑋𝑛 (2) finite 

variance (3) autocorrelation function

‣ strictly stationary is that every segment looks 

the same

Cauchy Distribution

What does it mean for a distribution to have infinite 

variance?

• ‘bad footballer’: kick a football forwards at an an­

gle 𝜑 ∼ 𝑈(−𝜋
2 , 𝜋

2 ) and try work out the expected 

𝑥 value

• pdf looks like 1
1+𝑥2  and cdf looks like arctan(𝑥)

𝜋 + 1
2

• expected variance is infinite, despite mean is 

finite

Wiener Filter

• can you draw the picture, 𝑑𝑛, 𝑣𝑛, ℎ𝑛, 𝑥𝑛, 𝑑𝑛, 𝜀𝑛
• what does it mean for a filter to be optimal

‣ ℎ𝑛 that minimizes 𝔼[𝜀2
𝑛]

‣ 𝑥𝑘 uncorrelated with 𝜀𝑘
• what does it mean for two things to be uncor­

related?

Multivariate Calculus Big Picture

• Differentiating scalar 𝑦 w.r.t. scalar 𝑥 is d𝑦
d𝑥

• Differentiating scalar 𝑦 w.r.t vector 𝒙 is 𝜕
𝜕𝒙(𝑦) 

and yields a vector with the shape of 𝒙. It is 

analogous to the vector gradient ∇𝑦.
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• Differentiating a vector 𝒚 w.r.t a scalar 𝑥 is 

applied element wise.

d
d𝑥

(𝒚) = (
d𝑦0
d𝑥
⋮

) for each element in 𝒚

Multivariate Cheat Sheet

𝜕
𝜕𝒙

(𝒙𝑇 𝒃) = 𝒃

𝜕
𝜕𝒙

(𝒃𝑇 𝒙) = 𝒃

𝜕
𝜕𝒙

(𝒙𝑇 𝑩𝒙) = (𝑩 + 𝑩𝑇 )𝒙

It’s quite rewarding to reason through 𝜕
𝜕𝑥𝑖

(𝑩𝒙) and 

use that to build up to deriving 𝜕
𝜕𝑥𝑖

(𝒙𝑇 𝑩𝒙) using 

the product rule.

Normal Distribution Cheat Sheet

𝒩︀(𝑥; 𝜇, 𝜎2) is the value of the Gaussian evaluated at 

𝑥. This notation makes algebra easy, eg.

𝒩︀(𝑥; 𝜇, 𝜎2) = 𝒩︀(𝜇; 𝑥, 𝜎2)

𝒩︀(𝑥; 𝜇1, 𝜎2
1)𝒩︀(𝑥; 𝜇2, 𝜎2

2) ∝ 𝒩︀
(
𝑥;

𝜇1
𝜎2

1
+ 𝜇2

𝜎2
2

1
𝜎2

1
+ 1

𝜎2
2

, 1
1
𝜎2

1
+ 1

𝜎2
2 )


or (eg. EP4 Q6):

𝒩︀(𝑥𝑛; 𝑎𝑥𝑛−1, 𝜎2) = 𝒩︀(𝑎𝑥𝑛−1; 𝑥𝑛, 𝜎2)

= 𝒩︀(𝑎, 𝑥𝑛
𝑥𝑛−1

, 𝜎2

𝑥2
𝑛−1

)


